COMPLEX INTEGRATION

nz ; . 3.
J‘m—q——? dz= "L 2 min2 _ni_ (cosn/2+isinm/2) = Lty
c(2z-1) 8 8 8
s | & -
3 dz= 8
c (2z~i)
32. Evaluate I ¢ dz where C: |z | =
(z+1) (z-2)
>> We shall first resolve 21 into partial fractions.
(z+1)°(z-2)

1 _.A N B N C
(z+1Y(2-2) 2+l  (z41@ z-2

Let

or 1=A(z+1)(z-2) + B(2-2) + C(z+1)?
Put  z=-1:1=B(-3) .~ B=-1/3

Put z=2 :1=C(9) . C=1/9

Put z=0 : 1=A(~-2)+B(-2)+C(1)

1=-2A+23+1/9 . A=-1/9
Now 1 -1 111 11
(z+1)2(z-2) 9  z+1 3(z+1)2 9 z-2

- & &
I e L ! —--dz+%é[—z-€fizdz

dz = zZ- =
c(z+1Y(2-2) 9 Lz+l 35 (z+1)?
Thepoints z = 2 = -1; z=a=2 liesinside thecircle |z | = 3.
We shall consider Cauchy’s inhegral formula in the forms
Iﬁ——l dz = 2mif(a) and [ —LE)_ 4, = 281 ¢(m) (4)

C z a)n+1

Taking f(z) = ¢ we obtain f(z)= 26

. . - 2ni
Now J'———— = _[z D ~2uzf(—1)§2n1e2=—£3

(1)
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& &
. dz =
Jmnz ‘ Jh-(-mz %

= zl’ﬁif’(—l) = 2mi (26°2)

2z

ie., I ¢ 2dz=41;1
c (z+1) €
o2
Ao [-—dz=2mif(2)=2mi-é
z-2
C
Substituting these results in the RHS of (1) we obtain
& ‘ -1 2mi 1 4mi 1
dz=— - 2.2 ¢~ 2qiet
é[(z+1)2(z—2) 2 2 3 2 9
-7 2mi 2m;i 4

eZz 27ni( 4 7
Th dz="2"|t- L
e (':[(z+1)2(z—2) 9 (8 ezJ

33. Evaluate I(—Zf};;—z— where C : | z—-i| = 2, by Cauchy’s integral formula.
+

C
>> C: {z-i| =2 isacircle withcentre (0, 1) and radius 2.
1 1

We have

(2+4Y  (z+2i)(z-2i)
Let A = (0, 1) bethecentreand r = 2 be the radius of C.
If P, =(0,-2)and P, = (0, 2) then AP, =3 >2and AP,=1<2

Hence (0, 2) or z = 2i onlyliesinside C.
We have Cauchy’s integral formula in the form

, 1! f(z)
f(a) 2mi (.:[ (z-a) 2 M)
1 1 _ l/(z+2i)2_

N =
o (2+4)Y  [(z+2i)(z=-2D)F  (z-2i)
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1
Taking f(z) = ——— and a = 2i we have
g f (z+2i)?
-2 -2 1
z-—~—,'a)=’2i= = =
Hence (1) becomes
1 Il/(z+21)
32i 27“ c (z- 2i)?
ie L= I 4z
' 16 2 (z+2i)(z-21)
Thus I dz =1

34. Ewvalute J sin %2’ + cos 2% dz where C is the circle,

¢ (z-1)(z-2)

W |z| =3 G)lz|=12 G |z| =32

>> We shall first resolve 1 into partial fractions.

(z2-1)2(z-2)

Let . -4, B . C (1)

(z=1%(z-2) 2z-1 (z-1p z-2

or 1=A(z-1)(z-2)+B(z-2) +C(z-1)
Put z=1: 1=B8B(-1) ~ B=-1
Pt z=2: 1=C(1) w C=1
Equating the coefficient of zZ on both sides we have,

0=A+C or A=-C .. A=-1
Let f(z)=$in'nzz+<:os1tz2

Multiplying (1) by f(z) and intergrating w.r.t z over C by using the value of the
constants obtained we have,

1= f(z) j i&a_d yll_L_d +I

c (z-l)z(z—Z) c(z=1)

Thatis [ = I, +I,+1, (say) )
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Case-(i) C:|z| =3

The pointsz = 1and z = 2 both lie within C.

Hence by Cauchy’s integral formula,

, = -12nif(1)] = -2mi(sinn+cosm) = ~2m‘(0—1)‘= 2mi

—
it

oy
It

2 —[27if’(1)] Butf'(z) = 2nz(cosnzl—sin1tzz)

o
3
[
1t

—[2mi-2n(cos® - sinm)]| = 477 i
I = 2mif(2) = 2mi(sindn+cosdn) =2ni(0+1) = 2mi

Hence from (2),] = 2mi+4n?i+2ni = 4ni+4n’i

Thus I=4ni(1+mn), whereC:|2]| =3

Case-(ii) C: |z | =1/2

The points z = 1and z = 2 both lie outside Cand hence I} = 0 = I, = I
Thus I =0, whereC:|z| = 1/2

Case-(iii) C:|z| =372

The pointz = 1 lies inside Cand z = 2 lies outside C.

Hence I = 2mif(1) = 2mi, I, = 2mif’(1) = aniand I; = 0

Now, I[=2mi+4ni+0=2mi(1+2mn)
Thus I=2mi(1+2xn), whereC:|z| =3/2

-...———--..-—-——-.-—_--_--—_---.-—--__...-.--—_-_---——-.———

6
35. Evaluate I——ul——;dz where Cisthecircle | z | = 1.
clz— n/6)
!
>> Wehave f(")(a) = n I [(2) 4 D

‘Thepointz = a = /6 = O.51ieswithinthecircle lz] =L
Now by putting n = 2in (1) we have,

(2) v f(z)
F2ay=f (a)_ZMI dz

(z-a)®

Taking f(z) = sin®z we have with 4 = 1/6
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" 1 sin’ z
f (n/6)=Eé[ mdz @)
Consider f(z) = sin’z
f(z) = 6 sin® z cos z ; f7(z) = —63in6z+303ih4zcoszz

Now f”(m/6) = -—6sin6(n/6)+3OSin4'(rc/6)cosz(n/6)

6 4 2
ie., f”(n/6)=-6-[l) +30‘(%J (\[—5] =——+%=§4¥=-21

2 2 64 64 64 16
. 6
Thus by substituting this value in (2) we have I 5 2 zdz = 2m:
o (z-1/6) 16
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EXERCISES

1. Evaluate J'C (2% +2) dz along the line joining (1—i) and (2+31).

2. Evaluate J'(-z-)2 dz where
C

(i} C isthecircle |z-1} = 1.
({ii) C isthecircle | z-2] =1.

141

3. Evaluate I(xz—iy) dz alongthepaths (1) y = x (2) y = »2
0

4. Verify Cauchy’s theorem for the function f(z) = 32% + iz ~ 4 where C is

the square having verticesas 1 + i, ~1 i

5. Verify Cauchy’s theorem for f(z) = 2% over the square formed by the points

(0,0), (2,0), (2,2) and (0,2).

6. Evaluate ‘[Z_zzdz_ where C isthecirde |z | = 2
C -9 .

7. Evaluate zdz where C is the circle

c(Z+1)(£-9)

M lz] =2 (i [z-21=2
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8. Evaluate (2“21 )dz where C isthecircle |z—-i| = 2.
c (z+1) (z-2)
e dz , :
9. Evaluate I———————Z—E where C isthecircle |z | = 4.
C (z2+rc )
Z+1
10. Evaluate _[ 2 dz where C is the circle:

@ |z-1]=1 @) |z+1] =1

ANSWERS

1 :
1. - 6 (103 -641i)
2. (i) 4nmi (ii) 8mi
PR 1
3. 0) 6 (5-1) (i1} 6(S-H)
6. 0 7. (i) - ®i/5 (ii) mi/10
8. ~2ni/9 9, i/n

10. 2mi, =2



